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1. Introduction
In this paper we present an existence result, proved in [7], for an evolution problem in fracture
mechanics, and study some very weak regularity properties of the solutions. The mathematical
formulation of the problem is based on a variational model for quasistatic crack growth developed
by Francfort and Marigo [11]. The model is based on Griffith’s idea [12] that the equilibrium of a
crack is determined by the competition between the elastic energy released if the crack grows and
the energy dissipated to produce a new portion of crack. This model not only predicts the crack
growth along its path, but also determines the crack path on the basis of an energy criterion, and
can also be used to study the process of crack initiation (see [5]).
The first mathematical results on this model were obtained in [8] for linear elasticity in the
antiplane case in dimension two, assuming an a priori bound on the number of connected com-
ponents of the crack set. This simplifies the mathematical treatment of the problem, but has
no mechanical justification. These results were extended by Chambolle [4] to the case of plane
elasticity. A remarkable improvement was obtained by Francfort and Larsen [10], who developed
a weak formulation in the space SBV (Ω) of special functions with bounded variation, introduced
by De Giorgi and Ambrosio [9] to study a wide class of free discontinuity problems. This new
formulation allows to study the problem in any space dimension, and without any restriction on
the number of connected components of the crack sets. The results of [10] deal only with a scalar
displacement field, since the compactness theorem in SBV (Ω) requires a bound in L∞(Ω) that is
obtained through a truncation argument. Moreover, the techniques used in all papers considered
so far cannot be extended to the case where exterior volume or surface forces act on the body.
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The result we present here allows to deal with the case of a vector valued deformation field
defined in Ω ⊂ Rn with values in Rm, including both the case of antiplane shear (n = 2 and
m = 1) and n dimensional elasticity (n = m ≥ 2). The bulk energy is not necessarily quadratic,
although the polynomial growth (2.6) excludes, for the moment, the case of genuine finite elasticity.
Moreover body and surface forces can be considered, under some natural assumptions which
imply that the deformed body remains in a bounded region even if the cracks split it into several
connected components.
The variational formulation of the problem presented in this paper is based on the space
GSBV (Ω;Rm) introduced by De Giorgi and Ambrosio [9], and fits the general framework of
rate independent evolution problems developed by Mielke [14].
The second part of the paper is devoted to the proof of some qualitative properties of the
solutions, that are not studied in [7]. We show that, given any quasistatic evolution, we can
construct another quasistatic evolution, whose crack sets are left continuous in time. We also
prove that the crack set is minimal, in the sense that, at each time t, it is the smallest set
containing all discontinuity sets of the deformation at times s ≤ t. Moreover, we prove that, given
any quasistatic evolution, we can construct another quasistatic evolution, with the same crack set,
whose deformation is measurable in time. Finally, under some convexity assumptions, we prove
that, if the crack set is left continuous, so are the deformation, the deformation gradient, and the
stress.
2. The quasistatic crack growth
In this section we describe in detail the hypotheses of the quasistatic evolution problem studied
in [7] and state, without proof, the main existence result of [7].
The reference configuration. The reference configuration is a bounded open subset Ω of Rn
with Lipschitz boundary. Let ∂NΩ ⊂ ∂Ω be closed and let ∂DΩ := ∂Ω \ ∂NΩ. We fix an open
subset ΩB of Ω with Lipschitz boundary and a closed set ∂SΩ ⊂ ∂NΩ such that ΩB ∩ ∂SΩ = Ø.
The set ΩB represents the brittle part of the body, ∂DΩ is the part of the boundary where the
deformation is prescribed, while the surface forces are applied to ∂SΩ.
Admissible cracks. The set of admissible cracks is given by
R(ΩB) := {Γ : Γ is rectifiable, Γ ⊂˜ ΩB , H
n−1(Γ) < +∞}.
Here and henceforth Hn−1 is the (n − 1)-dimensional Hausdorff measure, ⊂˜ means inclusion up
to a set of Hn−1-measure zero, while rectifiable means that there exists a sequence (Mi) of C
1
manifolds of dimension (n−1) such that Γ ⊂˜
⋃
iMi. If Γ is rectifiable, we can define H
n−1-almost
everywhere on Γ a Borel measurable unit normal vector field ν (see, e.g., [1, Definition 2.86]),
which is unique up to a pointwise choice of the orientation.
Admissible deformations. Given a crack Γ, an admissible deformation is given by any function
u ∈ GSBV (Ω;Rm) such that S(u) ⊂˜ Γ. We refer to [1, Chapter 4] for the definitions and properties
of the spaces SBV (Ω;Rm) and GSBV (Ω;Rm), as well as for the definition of the jump set S(u),
of the approximate gradient ∇u, and of the trace on ∂Ω of a function u ∈ GSBV (Ω;Rm). Let us
fix p > 1 and q > 1. We define
GSBV p(Ω;Rm) := {u ∈ GSBV (Ω;Rm) : ∇u ∈ Lp(Ω;Rm×n), Hn−1(S(u)) < +∞},
GSBV pq (Ω;R
m) := GSBV p(Ω;Rm) ∩ Lq(Ω;Rm).
We say that uk ⇀ u weakly in GSBV
p
q (Ω;R
m) if
uk → u in measure on Ω,
∇uk ⇀ ∇u weakly in L
p(Ω;Rm×n),(2.1)
uk ⇀ u weakly in L
q(Ω;Rm).
The surface energy. The energy spent to produce a crack Γ is given by
(2.2) Es(Γ) :=
∫
Γ\∂NΩ
κ(x, ν(x)) dHn−1(x),
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where ν is a unit normal vector field on Γ. Here κ(x, ν(x)) represents the toughness of the material,
which depends on the position x and on the tangent space to the crack, determined by ν(x). Since
we are dealing only with brittle cracks, the toughness does not depend on the size of the jump
of u.
We assume that κ : ΩB×R
n → R is continuous, that κ(x, ·) is a norm in Rn for all x ∈ ΩB, and
that
(2.3) K1|ν| ≤ κ(x, ν) ≤ K2|ν| for all x ∈ ΩB and ν ∈ R
n,
with K1, K2 > 0. Notice that, since κ is even in the second variable, the integral (2.2) depends
only on the geometry of Γ, and is independent of the choice of the orientation of ν(x).
The bulk energy. Let p > 1 be fixed. Given a deformation u ∈ GSBV p(Ω;Rm) the associated
bulk energy is given by
(2.4) W(∇u) :=
∫
Ω
W (x,∇u(x)) dx,
where W : Ω×Rm×n → [0,+∞) is a Carathe´odory function satisfying the following conditions:
W (x, ·) is quasiconvex and C1 on Rm×n for every x ∈ Ω,(2.5)
aW0 |ξ|
p − bW0 (x) ≤W (x, ξ) ≤ a
W
1 |ξ|
p + bW1 (x) for every (x, ξ) ∈ Ω×R
m×n.(2.6)
Here aW0 > 0 and a
W
1 > 0 are constants, while b
W
0 and b
W
1 are nonnegative functions in L
1(Ω).
The quasiconvexity assumption means that
W (x, ξ) ≤
∫
Ω
W (x, ξ +∇ϕ(y)) dy
for all x ∈ Ω, ξ ∈ Rm×n, and ϕ ∈ C∞c (Ω;R
m). The rank one convexity of ξ 7→ W (x, ξ) on Rm×n
and the growth assumption (2.6) imply (see, e.g., [6]) that there exist a positive constant aW2 > 0
and a nonnegative function bW2 ∈ L
p′(Ω), with p′ := p/(p− 1), such that
(2.7) |∂ξW (x, ξ)| ≤ a
W
2 |ξ|
p−1 + bW2 (x) for all (x, ξ) ∈ Ω×R
m×n,
where ∂ξW : Ω×R
m×n → Rm×n denotes the partial gradient of W with respect to ξ. By (2.6) and
(2.7) the functional W , defined for all Φ ∈ Lp(Ω;Rm×n) by
W(Φ) :=
∫
Ω
W (x,Φ(x)) dx,
is of class C1 on Lp(Ω;Rm×n), and its differential ∂W : Lp(Ω;Rm×n)→ Lp
′
(Ω;Rm×n) is given by
〈∂W(Φ),Ψ〉 =
∫
Ω
∂ξW (x,Φ(x))Ψ(x) dx for every Φ,Ψ ∈ L
p(Ω;Rm×n),
where 〈·, ·〉 denotes the duality pairing between the spaces Lp
′
(Ω;Rm×n) and Lp(Ω;Rm×n).
The body forces. Since we consider only conservative body and surface forces, it is convenient
to describe them by means of their potentials, that will be denoted by F and G, respectively.
Let q > 1 be fixed. The density of the applied body forces per unit volume in the reference
configuration relative to the deformation u at time t ∈ [0, T ] is then given by ∂zF (t, x, u(x)). We
assume that F : [0, T ]×Ω×Rm → R satisfies the following conditions:
x 7→ F (t, x, z) is Ln measurable on Ω for every (t, z) ∈ [0, T ]×Rm,
z 7→ F (t, x, z) belongs to C1(Rm) for every (t, x) ∈ [0, T ]×Ω.
We assume that for every t ∈ [0, T ] the functional
(2.8) F(t)(u) :=
∫
Ω
F (t, x, u(x)) dx
is of class C1 on Lq(Ω;Rm), with differential ∂F(t) : Lq(Ω;Rm)→ Lq
′
(Ω;Rm), q′ := q
q−1 , given by
〈∂F(t)(u), v〉 =
∫
Ω
∂zF (t, x, u(x))v(x) dx for every u, v ∈ L
q(Ω;Rm),
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where 〈·, ·〉 denotes now the duality pairing between Lq
′
(Ω;Rm) and Lq(Ω;Rm). We assume also
the following semicontinuity condition:
F(t)(u) ≥ lim sup
k→∞
F(t)(uk)
for every uk, u ∈ L
q(Ω;Rm) such that uk → u a.e. on Ω.
As for the regularity with respect to time, we assume that there exist a constant q˙ < q and, for
a.e. t ∈ [0, T ], a functional F˙(t) : Lq˙(Ω;Rm)→ R of class C1, with differential ∂F˙(t) : Lq˙(Ω;Rm)→
Lq˙
′
(Ω;Rm), q˙′ := q˙
q˙−1 , such that for every u, v ∈ L
q(Ω;Rm) the functions t 7→ F˙(t)(u) and
t 7→ 〈∂F˙(t)(u), v〉 are integrable on [0, T ], and
F(t)(u) = F(0)(u) +
∫ t
0
F˙(s)(u) ds,
〈∂F(t)(u), v〉 = 〈∂F(0)(u), v〉+
∫ t
0
〈∂F˙(s)(u), v〉 ds
for every t ∈ [0, T ].
We assume that F(t), ∂F(t), F˙(t), and ∂F˙(t) satisfy the following growth conditions for every
u, v ∈ Lq(Ω;Rm) and a.e. t ∈ [0, T ]:
aF0 ‖u‖
q
q − b
F
0 ≤ −F(t)(u) ≤ a
F
1 ‖u‖
q
q + b
F
1 ,
|〈∂F(t)(u), v〉| ≤
(
aF2 ‖u‖
q−1
q + b
F
2
)
‖v‖q,
|F˙(t)(u)| ≤ aF3 (t)‖u‖
q˙
q˙ + b
F
3 (t),
|〈∂F˙(t)(u), v〉| ≤
(
aF4 (t)‖u‖
q˙−1
q˙ + b
F
4 (t)
)
‖u‖q˙,
where aF0 > 0, a
F
1 > 0, a
F
2 > 0, b
F
0 ≥ 0, b
F
1 ≥ 0, and b
F
2 ≥ 0 are constants, a
F
3 , a
F
4 , b
F
3 , and b
F
4 are
nonnegative functions in L1([0, T ]), and ‖ · ‖s denotes the norm in L
s.
The positivity of aF0 is a crucial assumption for the coerciveness of the elastic energy defined
in (2.11) below. Since it implies that −F(t)(u) is large for large values of ‖u‖q, the forces cannot
send portions of the body to infinity, even if the cracks happen to split it into several pieces. This
allows to obtain an existence result of the quasistatic evolution for arbitrarily large times.
The surface forces. The density of the surface forces on ∂SΩ at time t under the deformation
u is given by ∂zG(t, x, u(x)), where G : [0, T ]×∂SΩ×R
m → R is such that
x 7→ G(t, x, z) is Hn−1-measurable on ∂SΩ for every (t, z) ∈ [0, T ]×R
m,
z 7→ G(t, x, z) belongs to C1(Rm) for every (t, x) ∈ [0, T ]×∂SΩ.
Let us fix an exponent r, whose value is related to the trace operators on Sobolev spaces: if
p < n we suppose that p ≤ r ≤ p
n−p , while if p ≥ n we suppose only p ≤ r. We assume that for
every t ∈ [0, T ] the functional
(2.9) G(t)(u) :=
∫
∂SΩ
G(t, x, u(x)) dHn−1(x)
is of class C1 on Lr(∂SΩ;R
m), with differential ∂G(t) : Lr(∂SΩ;R
m) → Lr
′
(∂SΩ;R
m), r′ := r
r−1 ,
given by
〈∂G(t)(u), v〉 =
∫
Ω
∂zG(t, x, u(x))v(x) dH
n−1(x), for every u, v ∈ Lr(∂SΩ;R
m),
where 〈·, ·〉 denotes now the duality pairing between Lr
′
(Ω;Rm) and Lr(Ω;Rm).
As for the regularity with respect to time, we assume that for a.e. t ∈ [0, T ] there exists a func-
tional G˙(t) : Lr(∂SΩ;R
m)→ R of class C1, with differential ∂G˙(t) : Lr(∂SΩ;R
m)→ Lr
′
(∂SΩ;R
m),
such that for every u, v ∈ Lr(∂SΩ;R
m) the functions t 7→ G˙(t)(u) and t 7→ 〈∂G˙(t)(u), v〉 are
A VARIATIONAL MODEL FOR QUASISTATIC CRACK GROWTH 5
integrable on [0, T ], and
G(t)(u) = G(0)(u) +
∫ t
0
G˙(s)(u) ds,
〈∂G(t)(u), v〉 = 〈∂G(0)(u), v〉+
∫ t
0
〈∂G˙(s)(u), v〉 ds
for every t ∈ [0, T ].
We assume that G(t), ∂G(t), G˙(t), and ∂G˙(t) satisfy the following growth conditions for every
u, v ∈ Lr(∂SΩ;R
m) and a.e. t ∈ [0, T ]:
−aG0 ‖u‖r,∂SΩ − b
G
0 ≤ −G(t)(u) ≤ a
G
1 ‖u‖
r
r,∂SΩ
+ bG1 ,
|〈∂G(t)(u), v〉| ≤
(
aG2 ‖u‖
r−1
r,∂SΩ
+ bG2
)
‖v‖r,
|G˙(t)(u)| ≤ aG3 (t)‖u‖
r
r,∂SΩ
+ bG3 (t),
|〈∂G˙(t)(u), v〉| ≤
(
aG4 (t)‖u‖
r−1
r,∂SΩ
+ bG4 (t)
)
‖v‖r,∂SΩ,
where aG0 , a
G
1 , a
G
2 , b
G
0 , b
G
1 , and b
G
2 are nonnegative constants, a
G
3 , a
G
4 , b
G
3 , and b
G
4 are nonnegative
functions in L1([0, T ]), and ‖ · ‖r,∂SΩ denotes the norm in L
r(∂SΩ;R
m).
Configurations with finite energy. The deformations on the boundary ∂DΩ are given by (the
traces of) functions ψ ∈ W 1,p(Ω;Rm) ∩ Lq(Ω;Rm). Given a crack Γ ∈ R(ΩB) and a boundary
deformation ψ, the set of admissible deformations with finite energy relative to (ψ,Γ) is defined
by
AD(ψ,Γ) := {u ∈ GSBV pq (Ω;R
m) : S(u) ⊂˜ Γ, u = ψ Hn−1-a.e. on ∂DΩ \ Γ}.
Note that, if u ∈ GSBV pq (Ω;R
m), then W(∇u) < +∞ and |F(t)(u)| < +∞ for all t ∈ [0, T ].
Moreover, since Γ ∈ R(ΩB), S(u) ⊂˜ Γ ⊂˜ ΩB, and ∂SΩ ∩ ΩB = Ø, we have that G(t)(u) is well
defined and |G(t)(u)| < +∞ for all t ∈ [0, T ] (see [7, Section 3] for the details). Notice that there
always exists a deformation without crack which satisfies the boundary condition, namely the
function ψ itself. This means that, if some cracks appear, this is because they are energetically
convenient with respect to the elastic solution, and not because the presence of a crack is the only
way to match the boundary condition.
The total energy. For every t ∈ [0, T ] the total energy of the configuration (u,Γ), with u ∈
AD(ψ,Γ), is given by
(2.10) E(t)(u,Γ) := Eel(t)(u) + Es(Γ),
where the surface energy Es is defined in (2.2), while the elastic energy Eel(t) is given by
(2.11) Eel(t)(u) :=W(∇u)−F(t)(u)− G(t)(u),
with W , F(t), and G(t) defined in (2.4), (2.8), and (2.9), respectively.
The time dependent boundary deformations. We will consider boundary deformations ψ(t)
such that
t 7→ ψ(t) ∈ AC([0, T ];W 1,p(Ω;Rm) ∩ Lq(Ω;Rm)),
so that
t 7→ ψ˙(t) ∈ L1([0, T ];W 1,p(Ω;Rm) ∩ Lq(Ω;Rm)),
t 7→ ∇ψ˙(t) ∈ L1([0, T ];Lp(Ω;Rm×n)).
Quasistatic evolution. The notion of quasistatic evolution of a cracked configuration is made
precise by the following definition.
Definition 2.1. A quasistatic evolution with boundary deformation t 7→ ψ(t) is a function t 7→
(u(t),Γ(t)) from [0, T ] to GSBV pq (Ω;R
m)×R(ΩB) with the following properties:
(a) global stability: for all t ∈ [0, T ] we have u(t) ∈ AD(ψ(t),Γ(t)) and
E(t)(u(t),Γ(t)) = min{E(t)(v,Γ) : Γ ∈ R(ΩB), Γ(t) ⊂˜ Γ, v ∈ AD(ψ(t),Γ)};
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(b) irreversibility: Γ(s) ⊂˜ Γ(t) whenever 0 ≤ s < t ≤ T ;
(c) energy balance: the function t 7→ E(t) := E(t)(u(t),Γ(t)) is absolutely continuous on [0, T ]
and
(2.12)
E˙(t) = 〈∂W(∇u(t)),∇ψ˙(t)〉 − 〈∂F(t)(u(t)), ψ˙(t)〉 − F˙(t)(u(t))
−〈∂G(t)(u(t)), ψ˙(t)〉 − G˙(t)(u(t))
for a.e. t ∈ [0, T ].
If the solution is sufficiently regular, an integration by parts shows that the right-hand side
of (2.12) represents the power of all external forces acting on the body, including the unknown
forces on ∂DΩ\Γ(t) that produce the imposed boundary deformation ψ(t) (see [7, Section 3.9] for
details).
The existence result. We are interested in quasistatic evolutions with a prescribed initial
condition (u0,Γ0) with Γ0 ∈ R(ΩB) and u0 ∈ AD(ψ(0),Γ0). Since in the definition we require
that the global stability condition is satisfied for every time, a necessary condition for the solvability
of the initial value problem is that
(2.13) E(0)(u0,Γ0) ≤ E(0)(u,Γ)
for every Γ ∈ R(ΩB), with Γ0 ⊂˜ Γ, and every u ∈ AD(ψ(0),Γ).
The next Theorem, proved in [7], establishes the existence of a quasistatic evolution with
prescribed initial and boundary conditions.
Theorem 2.2. Let Γ0 ∈ R(ΩB) and u0 ∈ AD(ψ(0),Γ0). Assume that (2.13) is satisfied.
Then there exists a quasistatic evolution with boundary deformation ψ(t) such that (u(0),Γ(0)) =
(u0,Γ0).
3. Qualitative properties of the quasistatic crack growth
In this section we consider a quasistatic crack growth t 7→ (u(t),Γ(t)) with boundary deforma-
tion t 7→ ψ(t) according to Definition 2.1. In the sequel we will derive some qualitative properties
of the cracks Γ(t) and of the deformations u(t).
3.1. Left continuous envelope of the crack. For every t ∈ ]0, T ] we define Γ−(t) as the
rectifiable set
Γ−(t) :=
⋃
k
Γ(sk),
where (sk) is a sequence converging to t with sk < t for every k. We define Γ
−(0) := Γ(0). Since
Γ(·) is increasing in time, it turns out that Γ−(t) is independent of the choice of the sequence (sk).
Proposition 3.1. For all t ∈ [0, T ] we can find v(t) ∈ AD(ψ(t),Γ−(t)) such that t 7→ (v(t),Γ−(t))
is a quasistatic evolution with boundary deformation ψ(t).
Proof. If follows from the definition that Γ−(t) is increasing with respect to t. Since t 7→ Γ(t) is
increasing, it turns out that Γ−(t) = Γ(t) for all t ∈ [0, T ] except for a countable set C ⊂ ]0, T ].
For every t ∈ [0, T ]\C we set v(t) := u(t), while for t ∈ C we take as v(t) any minimizer of
min{Eel(t)(u) : u ∈ AD(ψ(t),Γ−(t))}.
Let us check that the three conditions for quasistatic evolutions hold for the function t 7→
(v(t),Γ−(t)). Irreversibility has already been proved. As for global stability, let Γ be such that
Γ−(t) ⊂˜ Γ, and let v ∈ AD(ψ(t),Γ). We notice that Γ(s) ⊂˜ Γ for every s < t, so that by the
global stability of (u(s),Γ(s)) we get
Eel(s)(u(s)) + Es(Γ(s)) = E(s)(u(s),Γ(s)) ≤ E(s)(v − ψ(t) + ψ(s),Γ).
Let (sk) with sk → t and sk < t for every k: up to a subsequence we have that u(sk)⇀ u˜ weakly
in GSBV pq (Ω;R
m) for some u˜ ∈ AD(ψ(t),Γ−(t)). By lower semicontinuity the previous inequality
gives
Eel(t)(u˜) + Es(Γ−(t)) ≤ E(t)(v,Γ),
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so that by the minimality of v(t)
E(t)(v(t),Γ−(t)) = Eel(t)(v(t)) + Es(Γ−(t)) ≤ E(t)(v,Γ).
Let us come to the energy balance. Since (v(t),Γ−(t)) = (u(t),Γ(t)) for all t up to a countable
set, it is sufficient to prove that E(t)(v(t),Γ−(t)) = E(t)(u(t),Γ(t)) for all t ∈ [0, T ]. By global
minimality for every s < t we have
E(s)(u(s),Γ(s)) ≤ E(s)(v(t) − ψ(t) + ψ(s),Γ−(t))
and so, since t 7→ E(t)(u(t),Γ(t)) is continuous by definition, we get for s→ t
E(t)(u(t),Γ(t)) ≤ E(t)(v(t),Γ−(t)).
The opposite inequality comes from the global stability of (v(t),Γ−(t)), so that the proposition is
proved.
We can also consider the right continuous envelope of the crack. For every t ∈ [0, T [ we define
Γ+(t) as the rectifiable set
Γ+(t) :=
⋂
k
Γ(sk),
where (sk) is a sequence converging to t with sk > t for every k. We define Γ
+(T ) := Γ(T ). Since
Γ(·) is increasing in time, it turns out that Γ+(t) is independent of the choice of the sequence (sk).
Proposition 3.2. For all t ∈ [0, T ] we can find v(t) ∈ AD(ψ(t),Γ+(t)) such that t 7→ (v(t),Γ+(t))
is a quasistatic evolution with boundary deformation ψ(t).
Proof. As in the proof of Proposition 3.1 we find that Γ+(t) = Γ(t) for all t ∈ [0, T ] except for a
countable set C ⊂ [0, T [, and for every t ∈ C we take as v(t) any minimizer of
min{Eel(t)(u) : u ∈ AD(ψ(t),Γ+(t))}.
Let us check global stability and energy balance for the function t 7→ (v(t),Γ+(t)). As for
global stability, let Γ be such that Γ+(t) ⊂˜ Γ, and let v ∈ AD(ψ(t),Γ). For every s > t the global
stability of (u(s),Γ(s)) gives
E(s)(u(s),Γ(s)) ≤ E(s)(v − ψ(t) + ψ(s),Γ ∪ Γ(s)).
Let (sk) with sk → t and sk > t for every k: up to a subsequence we have that u(sk)⇀ u˜ weakly
in GSBV pq (Ω;R
m) for some u˜ ∈ AD(ψ(t),Γ+(t)). By lower semicontinuity the previous inequality
gives
Eel(t)(u˜) + Es(Γ+(t)) ≤ E(t)(v,Γ),
so that by the minimality of v(t)
E(t)(v(t),Γ+(t)) = Eel(t)(v(t)) + Es(Γ+(t)) ≤ E(t)(v,Γ).
Let us come to the energy balance. As in Proposition 3.1 it is sufficient to prove that E(t)(v(t),Γ(t)) =
E(t)(v(t),Γ+(t)) for all t ∈ [0, T ]. The global stability of (v(t),Γ+(t)) gives, for every s > t,
E(t)(v(t),Γ+(t)) ≤ E(s)(u(s) − ψ(s) + ψ(t),Γ(s)) ≤ E(s)(u(s),Γ(s)) + ω(s),
where ω(s) → 0 as s → t (see the estimates of [7, Section 5]). By the continuity of t 7→
E(t)(u(t),Γ(t)) we obtain for s→ t
E(t)(v(t),Γ+(t)) ≤ E(t)(u(t),Γ(t)).
The opposite inequality comes from the global stability of (u(t),Γ(t)), so that the proposition is
proved.
8 G. DAL MASO, A. GIACOMINI, AND M. PONSIGLIONE
3.2. Structure of the crack set. Francfort and Larsen, in their approach to quasistatic crack
growth [10], define the crack set at time t as the union of the jump sets of the displacements at
previous times. In the next proposition we prove a similar structure result for any quasistatic
evolution according to Definition 2.1.
Proposition 3.3. There exists a countable and dense set D ⊂ [0, T ] such that for all t ∈ [0, T ]
(3.1) Γ(t) =˜ Γ(0) ∪
⋃
s∈D, s≤t
Sψ(s)(u(s)),
where =˜ means equality up to a set of Hn−1-measure zero and
(3.2) Sψ(u) := S(u) ∪ {x ∈ ∂DΩ : u(x) 6= ψ(x)}
for every ψ ∈ W 1,p(Ω;Rm) and u ∈ GSBV pq (Ω;R
m).
Proof. By [7, Lemma 4.12] there exists a sequence of subdivisions (tik)0≤i≤ik of [0, T ], with
(3.3) 0 = t0k < t
1
k < · · · < t
ik−1
k < t
ik
k = T and lim
k→∞
max
1≤i≤ik
(tik − t
i−1
k ) = 0,
such that
(3.4) lim
k→∞
ik∑
i=1
∣∣∣∣∣(tik − ti−1k )E˙(tik)−
∫ tik
t
i−1
k
E˙(t) dt
∣∣∣∣∣ = 0.
Moreover, we can assume that {tik : 0 ≤ i ≤ ik} ⊂ {t
i
k+1 : 0 ≤ i ≤ ik+1} for all k. Let us define
I∞ := {t
i
k : k ∈ N, 0 ≤ i ≤ ik}.
For all t ∈ [0, T ] we set
Γ˜(t) := Γ(0) ∪
⋃
s∈I∞, s≤t
Sψ(s)(u(s)),
and
E˜(t) := Eel(t)(u(t)) + Es(Γ˜(t)).
Notice that Γ˜(0) = Γ(0) and Γ˜(t) ⊂˜ Γ(t) for all t ∈ [0, T ]. As a consequence E˜(0) = E(0) and
E˜(t) ≤ E(t) for all t ∈ [0, T ].
Let us fix t ∈ I∞. For every k sufficiently large there exists jk ∈ {0, . . . , ik} such that t = t
jk
k .
For every i = 1, . . . , jk − 1, by the global stability of (u(t
i
k),Γ(t
i
k)) we get
Eel(tik)(u(t
i
k)) ≤ E
el(tik)(u(t
i+1
k )− ψ(t
i+1
k ) + ψ(t
i
k)) + E
s(Sψ(t
i+1
k
)(u(ti+1k )) \ Γ(t
i
k))
≤ Eel(tik)(u(t
i+1
k )− ψ(t
i+1
k ) + ψ(t
i
k)) + E
s(Sψ(t
i+1
k
)(u(ti+1k )) \ Γ˜(t
i
k)),
so that
Eel(tik)(u(t
i
k)) + E
s(Γ˜(tik)) ≤ E
el(tik)(u(t
i+1
k )− ψ(t
i+1
k ) + ψ(t
i
k)) + E
s(Γ˜(ti+1k )).
Using the error estimates contained in formula (7.46) in the proof of [7, Theorem 3.15], we deduce
that there exists a sequence ek(t)→ 0 such that
E˜(t) ≥ E(0) +
jk∑
j=1
(tik − t
i−1
k )E˙(t
i
k)− ek(t).
By (3.4) we deduce that for all t ∈ I∞
E˜(t) ≥ E(0) +
∫ t
0
E˙(s) ds = E(t).
Since we have already proved the opposite inequality, we obtain E˜(t) = E(t) for all t ∈ I∞. As a
consequence for all t ∈ I∞ we have Γ(t) =˜ Γ˜(t), hence
(3.5) Γ(t) =˜ Γ(0) ∪
⋃
s∈I∞, s≤t
Sψ(s)(u(s)).
Equality (3.5) extends to all continuity points of t 7→ Hn−1(Γ(t)).
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Let us set D := J∪I∞, where J is the (at most countable) set of jumps point of t 7→ H
n−1(Γ(t)).
Notice that
(3.6) Γ(t) =˜ Γ(0) ∪
⋃
s∈D, s≤t
Sψ(s)(u(s))
for every t ∈ [0, T ]\J . To conclude the proof it is thus sufficient to show that (3.6) holds also
for t ∈ J . Let Γˆ(t) be the right-hand side of (3.6), and let us prove that Γˆ(t) =˜ Γ(t). Let t ∈ J
and let tk ∈ I∞ with tk → t and tk ≤ t for every k. Since vk := u(t) − ψ(t) + ψ(tk) satisfies
Sψ(tk)(vk) = S
ψ(t)(u(t)) ⊂ Γˆ(t) and Γ(tk) ⊂˜ Γˆ(t), by the global stability of (u(tk),Γ(tk)) we get
E(tk) = E
el(tk)(u(tk)) + E
s(Γ(tk)) ≤ E
el(tk)(vk) + E
s(Γˆ(t)).
Letting k →∞, by the continuity of t 7→ E(t) we obtain
E(t) ≤ Eel(t)(u(t)) + Es(Γˆ(t)),
which implies Es(Γ(t)) ≤ Es(Γˆ(t)). Since Γˆ(t) ⊂˜ Γ(t), we conclude that Γ(t) =˜ Γˆ(t).
The structure result can be improved under suitable convexity assumptions for the bulk energy
and for the potentials of the applied forces.
Lemma 3.4. For every t ∈ [0, T ] assume that W and −G(t) are convex and that −F(t) is
strictly convex. Then for every countable dense set D ⊂ [0, T ] containing the jump points of
t 7→ Hn−1(Γ(t)) we have
(3.7) Γ(t) =˜ Γ(0) ∪
⋃
s∈D, s≤t
Sψ(s)(u(s)).
Proof. By Proposition 3.3 we know that there exists a countable and dense set D′ ⊂ [0, T ],
containing the set of jumps of t 7→ Hn−1(Γ(t)), such that
(3.8) Γ(t) =˜ Γ(0) ∪
⋃
s∈D′, s≤t
Sψ(s)(u(s)).
Let D be a countable and dense subset of [0, T ], containing the set of jumps of t 7→ Hn−1(Γ(t)),
and let
Γ˜(t) := Γ(0) ∪
⋃
s∈D, s≤t
Sψ(s)(u(s)).
Recall that Γ˜(t) ⊂˜ Γ(t) for all t ∈ [0, T ] because u(t) ∈ AD(ψ(t),Γ(t)) for all t ∈ [0, T ]. Let us
show that the opposite inclusion holds. By (3.8), it is sufficient to prove that for all s ∈ D′ with
0 < s ≤ t we have Sψ(s)(u(s)) ⊂˜ Γ˜(t). If s is a jump point of t 7→ Hn−1(Γ(t)), we have s ∈ D
and the inclusion follows. If s is not a jump point of t 7→ Hn−1(Γ(t)), let us consider sk ∈ D with
sk → s and sk ≤ s. We have that (up to subsequences)
u(sk)⇀ u˜ weakly in GSBV
p
q (Ω;R
m),
and Sψ(s)(u˜) ⊂˜ Γ˜(s), since Sψ(sk)(u(sk)) ⊂˜ Γ˜(s) for all k (see [7, Remark 2.9]). Moreover u˜ is a
minimizer of
(3.9) min{Eel(s)(v) : v ∈ GSBV pq (Ω;R
m), Sψ(s)(v) ⊂˜ Γ(s)}.
Indeed for all v ∈ GSBV pq (Ω;R
m) with Sψ(s)(v) ⊂˜ Γ(s) we have that Sψ(sk)(v − ψ(s) + ψ(sk)) =
Sψ(s)(v) ⊂˜ Γ(s), so that
Eel(sk)(u(sk)) ≤ E
el(sk)(v − ψ(s) + ψ(sk)) + E
s (Γ(s) \ Γ(sk)) .
Taking the limit for k →∞ we obtain
Eel(s)(u˜) ≤ Eel(s)(v),
hence u˜ is a solution of problem (3.9). By the convexity assumption on the bulk energy, the
solution of problem (3.9) is unique. By the global stability condition for (u(s),Γ(s)) the function
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u(s) is a minimizer of (3.9). This implies u˜ = u(s), which gives Sψ(s)(u(s)) ⊂˜ Γ˜(s) ⊂˜ Γ˜(t) and
concludes the proof.
3.3. Measurability properties of the deformation. In the quasistatic evolution t 7→ (u(t),Γ(t)),
the deformation u(t) is, in general, not uniquely determined by Γ(t). Indeed, if v(t) is another
minimizer of Eel(t) in AD(ψ(t),Γ(t)), then the global stability condition still holds and the value
of E(t) does not change. Therefore t 7→ (v(t),Γ(t)) is a quasistatic evolution provided (2.12) is
satisfied by v(t). The following result shows that we can select t 7→ v(t) so that certain mea-
surability properties hold. Similar results for a different evolution problem have been obtained
independently in [13].
Theorem 3.5. We can choose t 7→ v(t) in such a way that t 7→ (v(t),Γ(t)) is a quasistatic
evolution with boundary condition t 7→ ψ(t) and t 7→ (∇v(t), v(t)) is measurable from [0, T ] to
Lp(Ω;Rm×n)×Lq(Ω;Rm).
Proof. Let tik and I∞ be as in Proposition 3.3. For all k we set
(3.10) uk(t) := u(t
i−1
k ), Γk(t) := Γ(t
i−1
k ), ϑk(t) := E˙(t
i−1
k ) for t ∈ [t
i−1
k , t
i
k[.
Arguing as in the proof of [7, Lemma 6.1], we deduce from (3.4) that for all t ∈ [0, T ] there exists
ek(t)→ 0 as k →∞ such that
E(t)(uk(t),Γk(t)) = E(0)(uk(0),Γk(0)) +
∫ t
0
ϑk(s) ds+ ek(t).
Let us define
Γ˜(t) :=
⋃
s∈I∞, s≤t
Γ(s).
Using the definition of σp-convergence, introduced in [7, Section 4.1], and Proposition 3.3 it is
easy to prove that for every t ∈ [0, T ] there exists Γˆ(t) such that
Γk(t)
σp
→ Γˆ(t) and Γ˜(t) = Γ(0) ∪ Γˆ(t).
It is clear that Γ(t) = Γ˜(t) for all t ∈ I∞. As a consequence of the monotonicity with respect to t
we obtain that Γ(t) = Γ˜(t) for all t ∈ [0, T ] except for a countable set C.
Setting
ϑ(t) := lim sup
k→∞
ϑk(t),
let us consider the sets
(3.11)
A(t) := {(∇v, v) : v ∈ GSBV pq (Ω;R
m), ukj (t)⇀ v weakly in GSBV
p
q (Ω;R
m),
ϑkj (t)→ ϑ(t) for some sequence kj →∞},
where uk(t) is defined in (3.10). Arguing as in [7, Section 7] we can prove that for every selection
t 7→ (∇v˜(t), v˜(t)) ∈ A(t) the function t 7→ (v˜(t), Γ˜(t)) is a quasistatic evolution. Since Γ˜(t) = Γ(t)
for t 6∈ C, the global stability condition gives E(v˜(t), Γ˜(t)) = E(u(t),Γ(t)) for t 6∈ C, and the
continuity condition in the energy balance ensures that E(v˜(t), Γ˜(t)) = E(u(t),Γ(t)) for every
t ∈ [0, T ]. Therefore, if we define v(t) = v˜(t) for t 6∈ C, and v(t) = u(t) for t ∈ C, the function
t 7→ (v(t),Γ(t)) is still a quasistatic evolution, and t 7→ (∇v(t), v(t)) has the same measurability
properties as t 7→ (∇v˜(t), v˜(t)).
In order to conclude the proof, it is enough to show that we can choose v˜(t) so that t 7→
(∇v˜(t), v˜(t)) is measurable from [0, T ] to Lp(Ω;Rm×n)×Lq(Ω;Rm).
To this aim, we notice that (∇v, v) ∈ A(t) if and only if there exists a sequence kj → ∞
such that ϑkj (t) → ϑ(t), ∇ukj (t) ⇀ ∇v weakly in L
p(Ω;Rm×n), and ukj (t) ⇀ v weakly in
Lq(Ω;Rm). Indeed the convergence in measure of ukj (t) required in (2.1) can be obtained from the
GSBV compactness theorem (see [1, Theorem 4.36]), since Hn−1(S(ukj (t)) is uniformly bounded.
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Moreover, in view of the coercivity estimates proved in [7], there exists a bounded closed convex
set K ⊂ Lp(Ω;Rm×n)×Lq(Ω;Rm) such that
(∇uk(t), uk(t)) ∈ K
for all t ∈ [0, T ] and for all k. On K we consider the weak topology on Lp(Ω;Rm×n)×Lq(Ω;Rm),
s o that K is a compact metrizable space. In Lemma 3.6 below we will prove that
(a) A(t) is closed in the weak topology for every t ∈ [0, T ];
(b) the set {t ∈ [0, T ] : A(t)∩U 6= Ø} is measurable for every open set U in the weak topology
of Lp(Ω;Rm×n)×Lq(Ω;Rm).
Then we can apply the Aumann-von Neumann selection theorem (see, e.g., [3, Theorem III.6])
and we obtain that we can select (∇v˜(t), v˜(t)) ∈ A(t) in such a way that t 7→ (∇v˜(t), v˜(t))
is measurable from [0, T ] to Lp(Ω;Rm×n)×Lq(Ω;Rm) endowed with the weak topology. The
measurability with respect to the strong topology follows from the Pettis theorem (see, e.g., [16,
Chapter V, Section 4]) .
In the rest of this subsection we prove the lemma concerning the measurability of the set valued
map t 7→ A(t) used in the proof of Theorem 3.5. We settle the problem in the context of compact
metric spaces.
Conditions (a) and (b) in the proof of Theorem 3.5 follow from the next lemma, applied
to X = K and fk(t) = (∇uk(t), uk(t)), with a metric d inducing on K the weak topology of
Lp(Ω;Rm×n)×Lq(Ω;Rm).
Lemma 3.6. Let (X, d) be a compact metric space, let fk : [0, T ]→ X be a sequence of measurable
functions, and let ϑk and ϑ be measurable functions from [0, T ] to R. For all t ∈ [0, T ] let
(3.12) A(t) := {x ∈ X : there exists kj →∞ such that fkj (t)→ x and ϑkj (t)→ ϑ(t)}.
Then
(a) A(t) is closed for all t ∈ [0, T ];
(b) the set {t ∈ [0, T ] : A(t) ∩ U 6= Ø} is measurable for every open set U ⊂ X.
Proof. Let us fix t ∈ [0, T ] and let us prove that A(t) is closed in X . Let xj ∈ A(t) with xj → x
in X . Since xj ∈ A(t), we can find kj ≥ j such that
d(xj , fkj (t)) ≤
1
j
and |ϑkj (t)− ϑ(t)| ≤
1
j
.
Clearly fkj (t)→ x and ϑkj (t)→ ϑ(t), hence x ∈ A(t) by the very definition of A(t). This proves
that A(t) is closed in X .
In view of [3, Theorem III.9], in order to prove (b) it is sufficient to show that for all x ∈ X the
function t 7→ d(x,A(t)) is measurable. For every j we define
Aj(t) := {x ∈ X : there exists k ≥ j such that d(fk(t), x) ≤
1
j
and |ϑk(t)− ϑ(t)| ≤
1
j
},
and we observe that A(t) =
⋂
j Aj(t). We claim that
(3.13) d(x,A(t)) = supj d(x,Aj(t)).
Since A(t) ⊂ Aj(t), we have d(x,A(t)) ≥ d(x,Aj(t)) for every j, and hence d(x,A(t)) ≥
supj d(x,Aj(t))). To prove the opposite inequality, we may assume that the right-hand side of
(3.13) is finite. For every j we fix yj ∈ Aj(t) such that d(x, yj) ≤ d(x,Aj(t))+
1
j
. As X is compact,
there exists a subsequence (yjm) of (yj) which converges to a point y. Since yjm ∈ Ajm(t), there
exists km ≥ jm such that d(fkm(t), yjm) ≤
1
jm
and |ϑkm(t)−ϑ(t)| ≤
1
jm
. It follows that fkm(t)→ y
and ϑkm(t)→ ϑ(t) as m→∞, hence y ∈ A(t) by the very definition of A(t). Therefore
d(x,A(t)) ≤ d(x, y) = lim
m→∞
d(x, yjm) ≤ supj d(x,Aj(t)),
which concludes the proof of (3.13).
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On the other hand we have Aj(t) =
⋃
k≥j A
k
j (t), where
Akj (t) := {x ∈ X : d(fk(t), x) ≤
1
j
and |ϑk(t)− ϑ(t)| ≤
1
j
},
so that
d(x,Aj(t)) = inf
k≥j
d(x,Akj (t)).
Therefore (3.13) gives
d(x,A(t)) = sup
j
inf
k≥j
d(x,Akj (t)).
Since t 7→ fk(t), t 7→ ϑk(t), and t 7→ ϑ(t) are measurable, the functions t 7→ d(x,A
k
j (t)) are
measurable for every x ∈ X , and this concludes the proof of (b).
3.4. Continuity properties for stress and deformation. The following proposition shows
that, under suitable convexity assumptions, the stress is left continuous when the crack is left
continuous. The same property holds for the deformation and the deformation gradient, if some
energy terms are strictly convex.
Proposition 3.7. Let t ∈ [0, T ] be such that Γ(t) = Γ−(t) and W, −F(t), and −G(t) are convex.
Then
(3.14) ∂W(∇u(s))⇀ ∂W(∇u(t)) weakly in Lp
′
(Ω;Rm×n) as s→ t−.
If, in addition, W and −F(t) are strictly convex, then
∇u(s)→ ∇u(t) strongly in Lp(Ω;Rm×n) as s→ t−,(3.15)
u(s)→ u(t) strongly in Lq(Ω;Rm) as s→ t−,(3.16)
u(s)→ u(t) strongly in Lr(∂SΩ,R
m) as s→ t−.(3.17)
Proof. Since Γ(t) = Γ−(t), using Proposition 3.3 it is easy to prove (see [7, Section 4.1]) that for
every sequence sj → t
− there exists Γ˜ such that
Γ(sk)
σp
→ Γ˜ and Γ(t) = Γ(0) ∪ Γ˜.
Arguing as in [7, Sections 4 and 5] we deduce that there exist a subsequence, not relabelled, and
a minimizer u˜ of Eel(t) on AD(ψ(t),Γ(t)) such that
u(sj)⇀ u˜ weakly in GSBV
p
q (Ω;R
m),(3.18)
∂W(∇u(sj))⇀ ∂W(∇u˜) weakly in L
p′(Ω;Rm×n).(3.19)
Since u(t) is a minimizer of Eel(t) on AD(ψ(t),Γ(t)), by (3.19) the first part of the theorem is
proved if we show that the triple
(3.20) (∂W(∇u˜),−∂F(t)(u˜),−∂G(t)(u˜))
is the same for all minimizers.
To prove this property, we show that for every minimizer u˜ of Eel(t) on AD(ψ(t),Γ(t)) the
triple (3.20) is a solution of a dual problem which, in our assumptions, admits a unique solution.
Let us consider the linear space
(3.21) V(Γ(t)) := {v ∈ GSBV pq (Ω;R
m) : S0(v) ⊂˜ Γ(t)},
where S0(v) is defined as in (3.2) with ψ = 0. Note that AD(ψ(t),Γ(t)) = ψ(t) + V(Γ(t)) =
u˜+ V(Γ(t)). For every
η := (η1, η2, η3) ∈ L
p(Ω;Rm×n)×Lq(Ω;Rm)×Lr(∂SΩ;R
m),
we set
Ψ(η) :=W(η1)−F(t)(η2)− G(t)(η3).
Let us consider
(3.22) Φ(η) := inf
u∈u˜+V(Γ(t))
Ψ
(
(∇u, u, u)− η
)
.
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Notice that Φ is convex, lower semicontinuous, and proper, since
Φ(0) = Ψ(∇u˜, u˜, u˜) = Eel(t)(u˜) < +∞.
As a consequence (see [15]), we have that
(3.23) Φ(0) = Φ∗∗(0) = − inf Φ∗,
where Φ∗ denotes the convex conjugate of Φ, and Φ∗∗ denotes the convex conjugate of Φ∗. For
σ := (σ1, σ2, σ3) ∈ L
p′(Ω;Rm×n)×Lq
′
(Ω;Rm)×Lr
′
(∂SΩ;R
m) we get
(3.24)
Φ∗(σ) = sup
u,η
{〈σ, (∇u, u, u)〉+ 〈−σ, (∇u, u, u)− η〉 −Ψ((∇u, u, u)− η)}
= 〈σ, (∇u˜, u˜, u˜)〉+Ψ∗(−σ) + sup
v∈V(Γ(t))
〈σ, (∇v, v, v)〉.
Since V(Γ(t)) is a linear space, the last term is either zero or +∞, so that we get
(3.25) Φ∗(σ) =
{
〈σ, (∇u˜, u˜, u˜)〉+Ψ∗(−σ) if 〈σ, (∇v, v, v)〉 = 0 for all v ∈ V(Γ(t)),
+∞ otherwise.
By (3.23) we get that
(3.26) −Ψ(∇u˜, u˜, u˜) = inf
σ
{〈−σ, (∇u˜, u˜, u˜)〉+Ψ∗(σ) : 〈σ, (∇v, v, v)〉 = 0 for all v ∈ V(Γ(t))} .
We claim that the triple (3.20) is a solution to the problem on the right-hand side of (3.26). To
prove this fact we observe that the Euler’s equation associated to the minimum problem satisfied
by u˜ yields
〈∂Ψ(∇u˜, u˜, u˜), (∇v, v, v)〉 = 0 for all v ∈ V(Γ(t)).
Moreover by duality we have that
Ψ(∇u˜, u˜, u˜) + Ψ∗
(
∂Ψ(∇u˜, u˜, u˜)
)
= 〈∂Ψ(∇u˜, u˜, u˜), (∇u˜, u˜, u˜)〉,
so that we conclude
−Ψ(∇u˜, u˜, u˜) = −〈∂Ψ(∇u˜, u˜, u˜), (∇u˜, u˜, u˜)〉+Ψ∗
(
∂Ψ(∇u˜, u˜, u˜)
)
.
Since
∂Ψ(∇u˜, u˜, u˜) = (∂W(∇u˜),−∂F(t)(u˜),−∂G(t)(u˜)),
this proves our claim. By the assumption thatW , −F(t), and −G(t) are convex and C1, we obtain
that
Ψ∗(σ) =W∗(σ1) + (−F(t))
∗(σ2) + (−G(t))
∗(σ3)
is strictly convex, so that the problem in the right hand side of (3.26) admits a unique solution.
This proves that (3.20) is uniquely determined, concluding the proof of the first part of the
proposition.
Let us assume now the strict convexity of W and −F(t). As a consequence Eel(t) is strictly
convex, hence u˜ = u(t). By (3.18) this proves (3.15)-(3.17) with the weak convergence.
Since Γ(t) = Γ−(t), we have that Es(Γ(s)) → Es(Γ(t)) as s → t−. By continuity of the total
energy we have that
lim
s→t−
Eel(s)(u(s)) = Eel(t)(u(t)),
Using the lower semicontinuity of all terms in (2.11) we get
(3.27) lim
s→t−
W(∇u(s)) =W(∇u(t)) and lim
s→t−
F(s)(u(s)) = F(t)(u(t)).
Then the strong convergence in (3.15) and (3.16) can be derived from (3.27), using a general
argument which allows to deduce strong convergence from weak convergence and convergence of
strictly convex energies (see [2]). The strong convergence in (3.17) follows from (3.27) in [7].
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